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SUMMARY

The Fortran 1I language program described here was written to en-
able calculation of the half-lives as well as the initial magnitudes of
the several components in a measured radioactive decay curve. Any of
the components can be fixed as to magnitude and half-life and any of the
half-lives can be fixed, provided that there be at least one variable
remaining. The calculation proceeds by an iterative least-squares fit
to the experimental data. Convergence is not guaranteed, and a stepwise
approach may be necessary. The output consists of the amplitudes and
half-lives of all the components together with the best estimate of the
errors in those magnitudes calculated by the program. In addition, in-
formation is given that permits evaluation of the goodness of fit. The
program as written can handle up to 10 components (including background)
and up to 400 observations. Tt was written for an IBM 704 with a
floating-point trap and an 8K memory.

INTRCDUCTICN

The analysis of multicomponent decay data is at best a tedious task
if done by hand calculation procedures. Unless some systematic procedure
such as a least-squares analysis is used, there 1s always the danger of
systematic error due to human bias. Even when a solution is obtained,
it is virtually impossible to assign an appropriate error estimate to
the solution without involving further lengthy calculations. For these
reasons, the problem of fitting multicomponent decay data is a natural
candidate for solution by electronic high-speed computing machines. An
example of & program written for the Univac for the case where the half-
1ives are fixed is that reported in reference 1. An excellent discussion
of the general nonlinear least-squares fitting problem can be found in
reference Z.

The Fortran language program described in the present report was
designed to find the initial activities and unknown half-lives in a



multicomponent radicactive source by a least-squares analysis of count
rates. This program was developed at the Lewis Research Center for use
in determining the half-life and the activation cross section of in-
dium 117 from both Geiger-Miller counter data and multichannel y-ray
pulse-height data. The initial version did not contain any error print-
cut or goodness of fit criteria, and experience with it led to their in-~
clusion in the pProgram described here. As Presented, the code is useful
for single- or multicomponent decay problems including those situations
involving buildup of active daughter products.

It is the purpose of this report to present the mathematical method
and the particulars of the Program operation in sufficient detail so
that others may use the code with a minimum of effort.

MATHEMATICAL METHOD

If the activity of a sample of radioactive material is measured
with a counter and if it 1is known that each event is independent of all
others, then the expected count rate may be expressed as

oty ) = Z e it (1)

where ¢ 1is the count rate at the time ty and the A; and B; are

constants characteristic of the initial amount and the half-life of the
ith species in the sample, respectively. (The assumption of independence
of events is equivalent to an assumption that there are no active daugh-
ter species being formed and that the counting system is perfect, i.e.,
no dead time, geometry changes, etc. It is shown later in this report
that the program as written can be used when there is an active daughter
species present.) It should be understood that equation (1) accurately
describes the situation that prevails. The problem to be solved is that
of determining the values of A; and B; that best fit an experimen-
tally determined set of count rates ¢y determined at times tk, where
it is assumed that the expected values of Px are given by equation (1).

Determination of the Parameters Ai and Bi

The method used to obtain the "best fit" is the least-squares
method. Thus, the problem to be solved is that of finding the set of
A;'s and Bi's for which the weighted sum of the squares of the

residuals
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ig a minimum. Here it is assumed that the weight & of the kP datum
is solely dependent upon the precision with which @ is known, and
that the value of ty contains no uncertainty.

To meke the problem amenable to solution, equation (2) is linear-
ized and the solutions are iterated until a convergence occurs. Let
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where and p; are corrections applying to the approximate values

Kﬁ and Ei' The linearized form of equation (2) becomes
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(to the first order in «; and Bi) for m observations to be fit with
n components. The problem is now that of determining the a; and By
such that R is a minimum for a given set of E& and Ei. After the
a and B are determined, the correction terms AjQy and B;B; are
added to the original A; and By to provide the input values for
another determination of a3 and B;. The calculation is terminated

when all the oy and By are as small as desired.



The conditions for the minimum value of R are the coupled equa-
tions
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where 1 assumes values from 1 to n. Rewritten, equations (5) become
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where the coefficients of the a; and [; are explicitly written out.

i
These coupled equations can be written as
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if the following definitions are made,
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The Ty that satisfy equation (7) are given by

i T :E: (h-l)i,l ;Z; Ex¥a (b |o(ty) - :z: Ui (ty) (11)

i=1

where h'l is the inverse of the matrix h.

Error Analysis

Since the problem at hand treats counter data, the weight Ex to
be applied to the kth count-rate datum is determined by the actual num-
ber of counts Ny observed in the time interval Tx from which the

count rate is obtained by

N
o(ty) = % (12)

The standard deviation in @(tk) is W/Nk/Tk or, from equation (12),
@(tk)/j/Nk. The weights ¢, are taken as the inverse of the square of
the standard deviation of ¢(t)) or

2
Ny Tk

LT R )

Test using X2, - The X% test was chosen as the indicator of
goodness of fit. This test determines the probability that a repetition
of the observation would show greater deviations from the distribution
assumed to govern the data (eq. (1) in this case). The deviations are
measured by the parameter Xz, which is defined by

2 _ (observed count - expected count)2
X" = E expected count

all

data

points

For a value of X2 equal to the number of degrees of freedom, the prob-
abllity just described is about 0.5. :



To apply the test, the weighted variance Q, 1s used. For the
present case of m data points and n components,

m n 2
% = m—_‘_zlﬁ’__Iz ex|o(ty) - Z ¥y () (14)
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With this definition it can be shown (ref. 3) that, if the data are
good (i.e., the assumptions leading to eq. (1) are valid), Q, has a X2
distribution with & =m - 2n - 1 degrees of freedom and its expected
value approaches unity as the number of components is increased. Some-
times the minimum value obtainable from a set of data will be consider-
ably different from 1, in which case it may be concluded that either the
basic assumptions behind equation (1) do not apply or that there is some
internal inconsistency in the data.

Errors in the final fit. - It is also desirable to determine the
best estimates of the standard deviations o in the final wvalues of
A; and Bj. These errors are functions of the errors in the count-rate
data only, and it can be shown from arguments in reference 4 that they
are given by

o(ay) = [(7D)y 1] oy
(15)

o(By) = [(h_l)i+n,i+nQ]l/2Bi

This equation is based upon the assumptions that the weights £y are
the best estimates of errors in the ¢, that the @ have a normal

distribution about the "true" values, and that the choice of n, the
number of components, is the correct one.

Reduced Number of Variables

The complete discussion so far has been carried out for the case in
which there are neither fixed components nor fixed half-lives. When any
component is consldered as fixed, @(tk) is redefined as

@(tk) - Afe_Bftk; that is, the fixed component is subtracted, and the

remainder is then fitted with a new value of n.

Wnen any half-life is considered as fixed, the number of variables
(and the dimension of the matrix hi,Z) is reduced by 1. In this case



there are now n values of A and n - 1 values of B to be deter-
mined; a convenient manner in which to order the unknowns is to put the
component with the fixed half-life last, so that the resultant matrix
h is simply the criginal matrix with the last row and column removed.

DESCRIPTION OF THE PROGRAM
Input Data

The input consists of one card that serves as a title and then two
cards that carry the number of components N, the number of data points
M, the number of components fixed in both magnitude and half-life NC,
and the number of components fixed in half-life NE. The next M cards
carry the values of count rate, time, and weight for each data point.
There follow N cards with the initial values for the magnitudes and
half-lives and finally one card with the convergence requirement and a
welght factor. This completes the data for one case.,

If fixed components or fixed half-lives are desired, the input
values of 4&; and B; must be ordered such that components with both

A; and By variable come first, components with B; fixed second, and
last of all, components with both Ay and B; fixed.

Sample data used to test the program are shown in table I as they
appear on the input data cards. These data were created by establishment
of a two-component decay plus a background corresponding to equation (1)
and use of a table of random mumbers to distribute the count-rate "data"
about the expected values with a Poisson distribution. For convenience
the input and output are expressed in terms of half-life rather than
decay constant, the conversion

0.693

B: = =
* (tl/zji

being accomplished within the program. Thus the "data" of table I rep-
resent the case in which the "true" constants are

Ay = 103.97 (ty/2)] = 27.73 min
Ay = 75.00 (t1/2), = 103.97 min
Az = 12.50 (t1/2)5 = = (background)

and in which all but (tl/z)s are to be found; thus,



N=23 M = 20
NE =1 NC =0

for this case. TFollowing the 20 data points are the three cards with
the trial values of Ki and Ei and the card with the convergence re-
quirement and a welght fgctor. The convergence requirement is the maxi-
mum value &3 and By may have at the completion of the calculation.

Both half-lives and count times must be in the same units.
Three options are available for +he input weight values:

(1) If the weights are to be those of equation (12), the input
weight value should be the number of counts in the datum Ny. The pro-
gram computes the weight

where W 1is the constant weight factor appearing on the last data card.
This factor is used when it 1s convenient to enter the total number of
counts as a scaled number Nﬁ, as is often the case with counter data,

and is chosen such that Np = Nﬁw.

(2) If all points are to be weighted equally, the input weight is
entered as zero and the program sets

(3) If any other weighting is desired, the program is signalled by
the entrance of the input weight as the negative of the desired weight,
and the program multiplies this value by -1 to obtain the weight used.

Program Operation

The program first prints a general heading to identify the calcula-
tion. (A listing of the program is given in the appendix.) The input
dats sre then read for one case, and the first three cards are printed
to identify the case. The weights are calculated, and then indices to
govern the flow of the program. These indices give the size of the ma-
trix, limits on summations, and so forth. The input values of A; and
B; are printed and then the main part of the computation is performed.



10

The program computes the values of the various functions in expres-
sion (7) and does appropriate bookkeeping when there are fixed components
and fixed half-lives. The matrix is inverted, and the values of the
correcticn terms T; are calculated. They are compared with the con-
vergence requirement. If all the 7y, are less than the convergence

requirement, the program calculates the final values of A; and By
and proceeds with the output. If at least one Ty is larger than the
convergence requirement, the program calculates the correction terms

@5 A;  and B;B; and adds them to the original input values to obtain a
new set of A; and B; and begins anew with the print-out of the new
set of Ki and Ei' Generally no more than 10 iterations are reguired
to obtain convergence with a convergence reguirement of 0.001.

If convergence is not achieved, this will be evidenced either by a
failure of the matrix inversion routine or by some act that triggers the
floating-point trap. Both of these events return the computation to the
beginning of the next case. Since convergence to positive values of
Zﬁ and Ei can be obtained by going through some negative values, the
occurrence of negative values for the A; and B; does not stop the
program.

The output consists of the final values of K& and gi: the values
of the last set of vy;, and the values of a(4;) and o(B;) (the best
estimates of the standard deviation) for those values of A; and By
determined by the program. Both the weighted variance Qn and the sum
of the weighted squared residuals are printed out. Finally, the time,
input counting rate, weight used, calculated counting rate, percent de-
viation, and weighted squared residual are given for each data point.

The results of using the program to solve the sample data of ta-
ble I are shown in table II, which contains the program cutput for these

"data." The test using X? tells that the dats are statistically good,
and the o(A); and o(B); values agree quite well with the differences
between the calculated values of A;  and B; and the true values from
which the "data" were derived.

Inversion of the matrix ‘hlk , to obtain jh_l'k ; 1s accomplishec
3 2

in a subroutine named MATINV (X,M). In this subroutine, a matrix X of
rank M 1is inverted by means of a unit matrix of the same order as in

the procedure given in reference 5. This subroutine is generalized to
the extent that, if a zero is encountered in the first element of s
pivotal row, the matrix is reordered by rows to bring a nonzero element
to the pivotal position, and the reordering is recorded so that the in-
verse obtained may be unscrambled by columns to arrive at the correct
inverse of X.
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The subroutine MATINV (X,M) is provided with an error exit 1if
either the value of the argument M 1s improper (less than 1) or the
inverse is nonexistent. In either case sense light 1 is turnea on to
signal the calling program of trouble.

A second subroutine, TEFOUT (X,M) is used. It has the scle purpose
of converting a floating-point number X to a new number X' X 1
where |X'| lies between 1.0 and 9.99 . . . and M 1s an integer.
Thic form mekes it possible to get an output number format of more con-
ventional form than that provided directly by the Fortran system.

COMMENTS ON THE USE OF THE PROGRAM

The useful thing about this program is that it permits a determina-
tion of unknown half-lives and of the number of components present to-
gether with the best estimate for the errors in the derived half-lives
and initial activities. Thus, the full statistical information present
in the data can be abstracted, no matter how poor the data. There are
three general classes of problems that this program can help to solve:
(1) Problems in which the half-lives are known and there may or may not
be an uncertainty in the number of components present, (2) problems in
which there are one or two unknown half-lives and the number of compo-
nents is known, and (3) problems in which very little is known as to the
number of components and possible half-1ives.

The solutions to the first two classes can be approached by the
same route. The physical conditions that produced the measured activity
serve as a guide to both the number and the half-lives of the possible
components. A hand plot of the data yields values of the magnitudes
that are used as the initial values for the machine fitting as well as
some idesa of the unknown half-lives 1f there are any. The literature
will generally serve as an additional source for estimates of this half-
life.

The first step in the machine caleulation is the determination of
the number of components present. This ic done with all the half-lives
held fixed with estimates used for unknown values at this point. The
caleulation will almost always converge in two iterations, the excep-
tions occurring when unrealistic fits are attempted. After the n
principal components have been established (these appear in the hand
plot), the question of the existence of the (n + 1)5t component is ap-
proached as follows. Cases arc run with the (n + l)St component chosen
successively to be each of the next three or so most probable half-lives.
These fits must now be compared with the fit with n components to see
whether there has been an improvement in X2,
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In addition, the F-test should be employed to determine whether the

amplitude of a particular (n + 1)5% trial component is zero. To perform
this test the statistic

(m - n - l)Qn - (m -n - Z)Qn—{-l
?4? ) Qn+1 (18)

is formed, where Qn 1s given by equation (14) and the subscript n
refers to the number of components. Note that the denominator of equa-
tion (14) becomes (m - n - 1), since each component now contributes only
one variable. The F-test then states that for Sg > F (M) it can be
assumed that A 41 1is nonzero with the probability a of being wrong,
where F, (M) is defined by

a = J/ﬁm (X)ax

P
v (M)H

a

A table of the distribution of Fo 1s given in reference 6 and is re-
produced here in table III for convenience. The results of this test
are not alwasys as clear-cut as might be wished, but they do provide a
basis for decision. Often the addition of a component will cause the
case to converge to negative values of the A., and (in the absence of
known or suspected parent-daughter relations) this is taken as evidence
that the added component is not present.

In some cases two (or more) of the trials for the (n + 1)t compo-
nent will give fits that are difficult to choose between, and the case
when both half-lives are added (as (n + 1)5% ang (n + 2)nd components)
gives nonsense. To decide between them a run is made with »n + 1 com-
ponents but with the half-life of the (n + 1)°' component determined
by the calculation. The trial value closest to the computer-derived
value 1s then chosen.

When the number of components has been established, any unknown
half-lives are then solved for. If the final values of the unknown half-
lives are widely different from the estimated values used in the deter-
mination of n, it will be useful to use these new values in a redeter-
mination of n.

The program output should always be examined to ascertain the re-
liability of the results. To make this job simpler, the percent devi-
ation (percent difference between the calculated and observed values
of a count-rate datum) and the weighted square of each residual have
been included in the output listing (table II). The rercent deviation
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column may be examined for grouping of positive or negative differences.
Extensive grouping of errors of one sign indicates that either a wild
datz poirt (usually near the middle of the group) is at fault or that

a significant component has not been accounted for. If a wild data
point is the cause, it shows up in the ccorresponding value of the
weighted square of the residual as a high value possibly due to a data
reduction error in either the count rate or the weight factor. Exam-
ination of the residuals is also of help in determining the cause of

unexpectedly large values from the X°¢ test.

For the third class of problems, in which there ig very little
known about the number of components and the values of the half-lives,
the approach described previously can be used, but it may well prove
more efficient to let the half-lives vary earlier than indicated. There
is no guarantee of success in thece searches. When more than three half-
lives are permitted to vary, the convergence gets uncertain; the program
must be led very carefully to the correct region of input trial values.

There are cases where the experimenter must constrain the program.
As an example, it is known that two components with half-lives of © and
15 minubes should be present; the program much prefers one component
with & half-life of 12 minutes, but it is known that no such half-life
can possibly be present. Such behavior is caused by lack of sufficient
informaticn in the count-rate data.

Negative values for the intensity of a component may arise from a
real parent-daughter relation or from & systematic error in the data,
such as an improper dead-time correction. Negative values may also in-
dicate an improper assumption of the counter background. Here it should
pe pointed out that, for most cases, it is best to let the program deter-
mine the background amplitude. It is particularly important that the
background be included in the count-rate data submitted to the machine,
since prior subtraction of the background alters the statistical assump-
tions ueed in the error analysis and thus invalidates the derived quan-
tities.

Even though the program as deccribed seems to exclude the case of
a parent-daughter relation, it does not do so. The quantities A4 ob-
tained from the program for this case are not the initial activities,
nowever, but are related to them in a simple manner. For a parent-
daughter relation the following expressions give the time dependence
of the two populations
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where subscripts 1 and 2 refer to the Parent and daughter, respectively.

The N~ are the bopulations at time zero, and the A\ are decay con-
stants.

The detector generally has different efficiencies C{ and C, for

counting the decay products of the two species so that when the activity
of this mixture is counted, the total count rate is given by

By = Cihaly + Cpdelly

(18)

0
Cﬂ\lh,le + Cz?\znze + —'“?\2 — }\l e - e

Rewriting this to make the coefficients of the two exponential terms
explicit gives

c A At c A ~Ast
0 2 N2 1 0 0C2 Ao 5
A= CiMIy (l M v ”1)8 + (027\2“2 - Ci\Ty o W)e

The program obtains the coefficients of the exponents so that the de-
rived values A, and Ao, are

C, A C, A
B 0 Co Mg 0 Cz Az
A = Cl%lnlé T o - M) - Al(l A= 7\1)

C, A C, A
0 0C2 Mg o 0% M
Ap = Colgle - CyMTy e Tl Sl wey v

where the A0 are the true initial activities.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, July 25, 1952
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APPENDIX - MULTIPLE DECAY ANALYSIS PROGRAM

MULTIPLE DECAY ANALYSIS PROGFAM
DIMENSION ARRAY({20s 20}s PHI{400)) TAUL400)s WT(400)s COL(20}
TANS(20)s UNIT(21)s A(10)>» B(10)y OUT(60)s NOUTI(60) RESID(400) s
2CALCI&00) s WTRES{400])
SENSE LIGHT O
WRITE OQUTPUT TAPE 64y 10
FORMAT (46H1 UNFOLDING SOLUTION OF MULTIPLE DECAY DATA }
INPUT REGINS
READ INPUT TAPE 7s 20
FORMAT ( 72H DATA OF 3/18/60. (TIMES MEASURED IN MINUTES!
)
READ INPUT TAPE 7s 30s Ns My NCs NE
FORMAT (22H0 NCe OF COMPONENTS= 29 21Hs NOe OF DATA POINTS= 130
123H, NOe FIXED COMPONENTS=I1 / 25H NOe OF FIXED HALF LIVES= 1)
READ INPUT TAPE 7s 40s (TAU(I)» PHI(I)s WT(T)s I=1s M)
FORMAT(6H TIME= FBe3s 9H COUNT= FB8e3s 10H WEIGHT= F8e3)
READ INPUT TAPE 7s 50s (A(I)s B(I)s I=1s N)
FORMAT (9H A= FBe3s 5SH BR= FB8e3)
READ INPUT TAPE 79 60s CONVy WTFACT
FORMAT (27H CONVERGENCE REQUIREMENT= F8.5, 15H WEIGHT FACTOR=
1F1065 )
WRITE OUTPUT TAPE 64 20
WRITE OUTPUT TAPE 64+ 30s N My NC» NE
COMPUTATION BEGINS» COMPUTE WEIGHTS
DO 140 I=1s M
WT(I)= WTII)*WTFACT
IF{WT(I)) 110 120s 1320
WT{I)=~WT(T)
GO TO 140
WT(I)=WTFACT/PHII(I)
GO TO 14f
WT(I)=WT(I)/PHI(I)%*%2
CONTINUE
DO 150 I=1s N
Bi1)==0e69315/B (1)
GENERATE INDICES
NJJ=2%N
NPNC=N
N=N=NC
NPO=N+1
NJ=2%N=NFE
NI= 2¥%¥N+1
NL=N=NE
NK=NL+1
INTERMEDIATE OUTPUT
WRITE OUTPUT TAPE &, 65s (I I=1ls NPNC)
FORMAT (40HO TRIAL VALUES OF A(Il) AND B{I) / THO I= 15»
19111 )
DO 255 1=1s NPNC
J=T+NPNC
oUT(II=A(1)
QUT(J)==-0469315/8(1)
DO 260 I=1s NJJ
CALL TEFOUTI(QUTI(I)s NOUT(I})
CONTINUE
WRITE OUTPUT TAPE 69 709 (OUT(TI)s NOUT(I)s I=1» NPNC)
FORMAT(6HOA(T )= 10(F8e3y 13))
[T=NPNC+1
WRITE OUTPUT TAPE 69 75s (OUTLI) NOUT (1) I1=11s NJJI
FORMAT(6H B(I)= 10(FB8e3s [31})
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COMPUTATION PROCEEDSs CALCULATE PSI(I)
DO 170 I=1s NJ

COL(I)=040
DO 170 J=ls NJ
ARRAY (TIsJ)=040
DO 200 J=1s M
DO 180 K=1s NJ
UNIT(K)=04s0
UNIT(NI)=PHI(J)
DO 190 I=1s N
Y=B(I)*TAU(J)
IF{25.0+Y) 183, 186, 186
BOLD=040
GO TO 190
BOLD=EXPF(Y)
UNIT(IVY=A(1)*B80OLD
K=1+N
UNIT(K)==A(T)*B({I1)*TAU(J)*BOLD
UNITINI)=UNITINI)=UNIT(I)
CORRECTION FOR FIXED COMPONENTS
IF(NC) 191s 191y 1910
DO 1930 I=NPOs NPNC
Y=B(I}*TAU(J)
IF(2540+Y) 1930 1920s 1920
UNITU(NI)=UNIT(NII-A{L)*EXPF(Y)
CONTINUE
SET UP MATRIX AND COLUMN VECTOR
DO 200 L=1s NJ
DO 199 K=1s NU
ARRAY (KoL) =ARRAY (KsL)+WT(J)*¥UNIT(K)*UNITI(L)
COL(L)Y=COL(L}+UNITILI#UNITINI)*WT ()
INVERT MATRIX
CALL MATINV{ARRAY, NJ)
IF (SENSE LIGHT 1} 212s 213
WRITE OUTPUT TAPE 6y 2120
FORMAT(20HO RESTART BY MATINV )
GO TO 100
COMPUTE CORRECTICN TERMS
DO 220 I=1s NJ
ANS(I)=0e0
DO 220 J=1s NJ
CORRECT EXPONENTS
ANS(T)=ANS{T)+ARRAY (1 J)*COL(J)
IFINL)Y 2269 226y 221
DO 225 TI=1sNL
IT= I+N
B(I)=B{(I)*(1«0-ANS(II]))
XMAX= 040
CORRECT COEFFICIENTS
DO 230 I=1sN
A(T)=A(T)*[1e0+ANSI(T))
XMAX=MAX1F{XMAXs ABSF{ANS{I)})
CONVERGENCE TEST
IF (XMAX-CONV) 2404 240y 250
COMPUTE CALCULATED VALUES
DO 245 [=1s M
CALC(I1=040
DO 245 J=1, NPNC
CALC(IN=CALC(IV+A{J)*EXPF(B(J)*TAU(T))
SQRES=040
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COMPUTE PERCENTAGE DEVIATION AND WEIGHTED SQUARED RESIDUALS
DO 246 1=1,

RESID(IN=(CALC(I)=PHI(I))/PHI(I)
WTRES(I)= WT{I)*(RESID(I)®PHI(T))**%2
246 SQRES= SORES+WTRES(I)
COMPUTE WEIGHTED VARIANCE
WVAR=SQRES/FLOATF(M~-NJ-1)
OUTPUT BEGINSs DEFINE QUTPUT QUANTITIES
280 DO 281 I=1sN

J=6¥1-5
OUT(J)= ALI}
OUT(J+1)= =0469315/8(1)

OUT (J+2)=ANSI(T)
281 OUT(J+4)=A(T1}*SORTF{ARRAY (I )*WVAR)
BRANCH IF ALL FIXED EXPONENTS
IF({NL) 252y 282y 284
282 DO 283 I=1sN
J=6%*1-5
OUT(J+31=040
283 OUT(J+5)=040
GO 70 291
284 DO 285 I=1sNL
J=6%#]1=5
IT= I+N
OUT(J+3)==ANS(IT)
285 OUT(J+5)=(-0469315/8(1) }*SQRTF(ARRAY (I1,11)*WVAR)
BRANCH IF ANY FIXED EXPONENTS
IF{NE) 291s 291y 286
286 DO 290 I=NKsN
J=6#]=5
QUT (J+3)
290 OQUT(J+5)
291 J=6N
OUTPUT COEFFICIENTS AND ERRORS
DO 300 I=1» J
CALL TEFOUT{JUT(I)s NOUTI(I))
300 CONTINUE
WRITE OUTPUT TAPE 69 90» (OUT(I)s NOUT{I)s T=1y J)

Qe0
00

90 FORMAT(24H1 FINAL VALUES OBTAINED // 94H A 8
1 ALPHA BETA SIGMA(A) SIGMAL(B)
2 //(6{F1lets 131)))

BRANCH IF ANY FIXED COMPONENTS
IF(NC) 3559 355 340
340 DO 350 I=NPOs NPNC
OUT(1)=A(T)
CALL TEFOUT(QUT(1}s NOUT(1})
OUT(2)==0.469315/B(1)
CALL TEFOUT (QUT(2)s NOUT(2}))
WRITE OUTPUT TAPE 65 95 OUT(1)s NOUT(1)s QUTI(2)s NOUT({2)
95 FORMAT(2(F1le4s 13))
350 CONTINUE
OUTPUT WEIGHTED VARIANCE AND WEIGHTED SQUARED RESIDUALS
355 OUT(1)=WVAR
CALL TEFOUT(QUTI(1})s NOUT(1))
QUT{2)=SCRES
CALL TEFCOUTIOUTI(2)s NOUTI(2))
WRITE OUTPUT TAPE 6+ 975 OUT{1)s NOUT(1)s QUT(2)s NOUT(2)
975 FORMAT(19HOWEIGHTED VARIANCE=F1let 9 I3540H SUM OF WEIGHTED SQuU
1ARED RESIDUALS=F1lle&4s I3)
OUTPUT DATA POINT QUANTITIES
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360
400

320
330
410

20

30

100

105
110
120
125
130
140
150
155
160
170

175
180

190

200

WRITE OUTPUT TAPE 64 40
FORMAT (114HO TIME OBSERVED RATE WEIGHT USED C

IALCULATED RATE PER CENT DEVIATION WT SQ RESIDUALS / 2H )
DO 330 I= 1M

OUT(1)=TAU(T)

OUT(2}=PHI(I)

OUT(3)=WT(1)

OUT(4)=CALCIT)

OUT(5)=100e0%RESIDI{T)

OUT(6)= WTRESII)

DO 320 J=1» 6

CALL TEFOUT(OUT(J)s NOUT(J))

CONTINUE

WRITE OUTPUT TAPE 64 410s (QUT(J)s NOUT(J)y J=1, 6)
FORMAT(F9asbs13y F13al913s F1544913y Flbelbsl3, F2le4s13y F1l7e4413)
GC TO 100

THIS SUBROUTINE INVERTS A SQUARE MATRIX WITH SIDE M IN SIZE.
SUBROUTINE MATINV(XsM)
DIMENSION X(20s20)s K(20)
FREQUENCY 105(130s1)s 125(59155) 155(19091)s 160(190s0)s 175(190
11} 230(19291)
TEST FOR MATRIX SIZE
IF (M-1) 190s 20 30
X(191)= 140/X(14s1)
GO TO 245
INITIALIZE ROUTINE CONSTANTS
TEST=0,0
MM=M-1
DO 100 I=1s M
K(I)=1
DO 150 N=1y M
TEST PIVOTAL ELEMENT
IFIX(1sN)) 110y 160y 11
MATRIX INVERSION BY ONE COLUMN
A=X{1sN)
DO 120 I=1s MM
X{TeN}=X{TI+1sN)/A
X(MsNI=140/A
DO 150 J=1s M
IF(J=N) 130, 150y 130
A=X(1sJ)
DO 140 I=1s MM
X{T o) =X{I4+19J)=A%¥X(I4N)
X{(MgJ)==A%X{MyN)
CONTINUE
SEARCH FOR ROW WITH NON-ZERO ELEMENT IN FIRST COLUMN
IF(TEST) 2209 245 220
IF(N=-M) 170, 1904 190
NN=N+1
DO 180 L=NNs M
IF(X(1sL)) 200, 180, 20
CONTINUE
SENSE LIGHT1 EXIT IF MATRIX HAS NO INVERSE
SENSE LIGHT 1
GO TO 245
REORDER MATRIX TO OBTAIN NMON=ZERO PIVOTAL ELEMENT
DO 210 I=1y M
HOLD=X{14sN)
X{ITeNY=X{TsL)



210

220
230
240
245
250

260

X{IsL)=HOLD
LL=K (N}
K(N)=KILY
KiLy=LL
TEST=140

GO TO 110

UNSCRAMBLE REORDED MATRIX TO OBTAIN CORRECT INVERSE

DO 240 I=1sMM
IF(K(I)=-T) 250
CONTINUE
RETURN

L=K(I)

DO 260 J=1s M
HOLD=X(1sJ)
X(IsJ)=X(Lsd)
X(LsJ)=HOLD
K(T)=KI(L)
K(L)=L

GO TO 230

SUBROHT}NE TEFQU
A=40,0+(04434294

X=STGNF (EXPF (MOD
I=XINTF{A}=40
RETURN

END

240

T(Xs]
48%L0
FlA»l

25

&F(ABSF(X)))
e01/0e43429448) X))

19
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NASA TECHNICAL NOTE D-1453
A FORTRAN IT PROGRAM FOR ANALYSIS OF
RADIOACTIVE DECAY CURVES
By John L. Need and Theodore E. Fessler
October, 1962

Page 7: Paragraph 2 should read

It is (m - 2n - 1)Q, that possesses a X2 @gistribution with (m - 2n - 1)

degrees of freedum. Sometimes the minimun vailue obtainable from a set of data
will be considerably different from 1, in which case it may be concluded that
either the basic assumptions behind equation (1) do not apply or that there is
some internal inconsistency in the data. It will be noticed that the statistic

m
n 2
- g ()
Q= —5—73 = |oltx) - ¥y (T
m-2n - 1 Ny ]
k=1
m
2
n
Ny - Z TV (By)
1 i=1
m—Zn—l Nk
k=1
This is of the form
1 (observed count - expected count)?
m- 2n - 1 observed count
all
data
points

and is, therefore, not exactly X2 /(m - 2n - 1).

Page 17: Statement 291 should read

291 J = 6*N

B-1620 Issued 2-26-63% Page 1 of 2 pages



Page 19: Subroutine TEFOUT should read

SUBROUTINE TEFOUT (X,I)
IF (X)2,1,2
1 I=0
RETURN
2 A=40.0+(0. 43429448¥,0GF( ABSF(X)))
X=SIGNF(EXPF(MODF(A,1.0) /0. 43429448),X)
I=XINTF(A)-40
RETURN
END

2 Issued 2-26-63 Page 2 of 2 pages NASA-Langley, 1963 E~1620



VSVN

(ro1om3aRd
puE Jeafonu ‘sotsdyd ‘1g
uoTINgILIISIP VSYN [BUIUD)

€6¥1-d NL VSVN "TI
'f aI0poay], ‘1918sad CII
T wop ‘peaN 'l

*SUOTIBAISSAO 0p 01 dn pue (punoadxorq Jurpniout)
sjusuodwon 1 03 dn afpuey ued wesdoxd ayJ, 3j jo
S8aUpood 3y} Jo uonienread swIad JeY) Us Al OSTE St
uorjew.roju] ‘weadoad syj Aq paje[nOTED Sepmtude
350U} UT SI0J13 dY) JO 21EW}Ss 153Q 3y} Yim I13y3ssol

sjyusuodwios ay) [Te Jo Saall-JTey puk sapnjrpdwe ayy

10O s1Ss1SU0D Indino 3yy, - AJessaosu aq Aew yorvoxdde
as1mdals ® pue ‘pasjueraend Jou ST 90usB8IsAU0)

*BYEp [ejudwiIadxa ay) 03} 31} SAIENDS-}8¥A] SATIBRIIII
ue £q spaadoxd uotrjeInoTEd 9yl ‘Sururewad ajqe
-1IBA 3UO IS®ST JB 3q 313y} ey} papraord ‘paxty aq ued

SOAI[-JTRY 2y} JO Aue pUE 3JI[-JTEY puk apnjuiew o3
se pax1) aq ued sjuauodwod ay)} Jo AUy *9AIND ABIAP

paanseaw € ul sjuauodwiod ay) Jo sspnjtudewr [RUTUT 9Y)
pUE S3AIT-JTBY 9y} purj 0} pasn aq ues weifdoad sy

(SPT-d ALON TVIINHOHL VSYN) 6L 08 ‘oorxd
SLO dgg "g961 12q0j0Q "JI9ISS3J F SI0poI L
pue paaN ‘1 wyop ‘SHAUND AVOIA FAILOVOIAVH
JO SISATVNY HOd WVHO0Ud II NVHLH0d V
‘UOTIEXISTUTWPY 30'dS pue SOTINEBUCIAY TRUOTIEN

£6%1-d NL VSVN

VSVN

(*aron3aed
pue Ie9TINU ‘SO1SAYJ ‘1¢
TUONNQLUS TP YSYN [eriu)

EGPT-d NI VSVN 'III
‘g 3I0p0aYy], ‘'Iarssay Il
T uyop ‘peaN I

‘SUOTIBAISSAO O0F 03 dn pue (punoadxyoeq uipnjour)
sjusuodwod g1 0) dn aypuey ued wexsord ayl "IJ Jo
ssaupood a1y} jo uorjentesa sytwaad jey) usald osye St
uonjewaojul werdoad ayl Aq pajeINOTED sapnjiuivw
350Ul UT SI0II3 3y} JO 3IBIUTIS3 1§3Q 3U} YIm 1ayjasdo)

sjuauodwoy 3y} [Te JO saall-Jrey pue sapnjijdwe ay)

J0 s3s15U0D Indino ay], - &IeSS90au aq Arw yoroxdde
asimdals ® pue ‘pasjuetend jou ST 90UaZIAUOD

‘eiep TeiuswtIadxs ayj 0} 31 SaIenbs-)SEI] SATIRI3N
ue Aq sposdoxd uonjerno(ed 3yl -Juiurtewsal 3qe
-11BA BUO }SEBI] JB aq aiay) jey) papraoxd ‘pexy ag ued

SOAI[-JTBY aY3} Jo AUE puE 3JI[-J[BY PUE spnytuiew o0}
S® paxI] aq ued sjuauodwod ayy Jo Auy ‘3axInd Ledap

painseaw e ul sjusuodwod ayj Jo sapnjTudew [BIITUT JYy]
pue SaAl-JTRY ayj putj o3 pasn aq ued weidoad ayL

(€SHT-d ALON TVOINHOIAL VSVN) 6L 0§ ‘aorxd
SLO ‘dgg  "Z961 1800100 " I3[SSAJ ‘H 2JOPOSYL
pue paaN ‘T uyof °‘SHAHND AVDOAJ JALLDVOIAVH
J0 SISATVNY HOJd WVHOOUd II NVHILYHOA V
‘UonBRNSTUTWPY 8dedg pue SOTINBUOISY [RUOTIEN

€6¥1-d NL VSVN

VSVN

(-aronyaxed
pue JE3aONU ‘SOISAUd ‘1€
JUOTINQLIIS TP VSVYN TBTIUL)

€GFT-A NI VSVN 'II
‘o aJ0poay], ‘aarssed °II
1 wjor ‘pesN ‘I

*SUOTIBAIASQO (0¥ 03 dn pue (punoxdxdeq 3urpniour)
sjuauodwod o1 03 dn sypuey ued werdoad syy "I1J JO
s8aup0o08 a1y Jo uonyenteas sjwrad jey) uaatd osre st
uonjewaopu] -werdoxd ayl Aq palenored sopnjrudew
380y} U SIOII3 3y} JO SJBWITIS3 }Saq Yl YIm Iayjado)

sjusuodwiod ay) 1B JO S2AI[-JTeY pue sapnjrdwe 3yl

70 $3815U00 Indino 8y ], - AIeSsadau aq Aew yodeoxdde
aswndals © pue ‘psojuerend jou S1 30UaIsAU0)

‘e)ep [ByuswtIadxa ayj 0} }1J Sa1enbs-18eal aajeIa}l
ue £q spasdoxd UOTIEINOTED By, ‘Jururewal aqe
-1IBA 3UO }SEA] JE 3q 213y} jey) papraoad ‘paxyy aq ued

S3AI[-JTeY 3y} Jo Au® pue aJI[-JTey pue apnjudew o}
S® pax1y aq ued sjuauodwod ay} Jo Auy 3AIND ABDIP

poansesw ® ur sjuouodwos sy} Jo sepmtudewr TeRITUT Iy}
pue S9AI[-JTeY 9y} puly 0} pasn aq ued wexdord ayl

(£SP1-A TLON TVOINHOAL VSVN) "GL 0% ‘aotad
SLO ‘dgg "Z961 I2qo1dQ " I218S8d | 2I0pOUL
pue paaN ‘T uyop °STFAHND AVOIA FAILOVOIAVYH
A0 SISKTVNV HO0Jd WVUOH0Ud 1T NVHLYOd V
‘UOIRNSTUTWPY 90edS puE SOIINBUOISY [BUOTIEN

gSHT-d NL VSVN

VSVN

(*aronaed
pue Jesyonu ‘sd1sAyd ‘1g
HUOTINQLIS TP VSYN 1))

€SPT-d NL VSVN "III
" axopoayl], ‘I918sad CII
T wop ‘peaN 1

*SUOTIBAIASQO 0% 01 dn pue (punoadydeq Jurpniour)
sjuauodwod g1 0} dn orpuey ued wexdoad ayl °31J Jo
ssaupood ayj jo uornjenteas sjrwxad jeyj usarS OSsTe ST
uonew aojul ‘urexSoxd ayj Aq pajenored sapnijruSew
380U} UI SIOJIS 3y} JO IIBWNSI 15aq aU3 Y Ja)ad0)

sjuauodwod ayl 11e Jo SaAIT-Jrey pue sapnjipdure ayj

J0 §1s1su0d Indino ayJ, ~AJessadau aq Arw yoeoadde
astmdals ¥ pue ‘posjueaend jou ST 90uU3BJI3AUOD

*e1Ep [EJUBWITIadXa 3y} 03 117 Saaenbs-}188a] 9AllBIa)]
ue Aq spaaooxd uonernores ayJ -Iururewax aiqe
-1IBA 3UO 1S®A] J® aq aIay} Jey) paplaoxd ‘paxy ag ued

SOAI[-JTEY oY) JO AU® pu® 3JI-J[eY pue spnjtulew o}
s paxIy aq ued sjusuodurod syl Jo AUy  "3AaInd Led9p

paInseaw e Ul sjuauodwiod sy} Jo sepnjtudew [enjIul ayl
pu® SaAI[-JTBY 8y} puyy 0} pasn aq ued wexdoad ayJ,

(6SHT-d TLON TVYIINHOIL VSYN) ‘SL'0$¢ ‘9ortad
SLO "dgg 2961 4940300 ‘JI918884 'H 240pPO3YL
pue pasN ‘T uyorf ‘SHAUND AVOIA FALLOVOIAVY
JO SISATVNV HOJd WVHOHOHd II NVHIHO0d Vv
'UOTIRIISTUTWPY 30BdS pue SIOTINEBUOIIY TRUOTIEN

€5%T-a NL VSVN













